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   I hope that the session I have prepared for you will be useful to you in satisfying the Common Core standards and that it might launch one or more of you on a trajectory of teaching that I have found satisfying..

   Seeing a student’s creativity and thought process reminds me why I went into teaching.  In addition to noting incorrect mathematical processes used by students, I also give my students feedback on their strengths and weaknesses in communicating their thoughts.  We all know that few, if any, of our students will use the quadratic formula as adults but that all of them will benefit from learning how to communicate effectively and maybe even more importantly, learn how to work smart.

   So here is a very difficult Problem of the Month that I assigned in November to freshmen and sophomore honor students in Geometry and Algebra 2.  An outstanding student answer is one of the attachments.

     In a certain kingdom, there is a bill for each 

     denomination from $1 to $50.  Your task is to 

     investigate all the ways to make change for a $50 bill.  

Telling the students the answer is in the hundreds of thousands (or even the exact number of ways) takes nothing away from the the process and even increases the attractiveness of the problem.  By giving students “the answer”, there is no use in “guessing” to be the first to get the answer..

How can a teacher prepare and guide students in the problem solving process?

   I step them through the process of analyzing a game familiar to all of them, 

Tic-Tac-Toe.  Two student volunteers play a round on the board marking the 

moves X1, O1,  X2, O2, ...  I ask the first player to tell me how she decided where to 

put the first X.  I then ask the class to discuss in groups: 

What other “essentially different” moves could the first player have made?  

After a short time talking in groups, followed by short group presentations, a

consensus is established that there are only 3 essentially different first moves – a 

corner, a side box and the middle box.  Three volunteers make 8x10 Tic-Tac-Toe 

boards shown below representing the only three such first moves. We post them high on a wall spaced widely apart.

Sub-game 1





	A
	B
	C

	D
	X1
	F

	G
	H
	I


Sub-game 2





	A
	B
	C

	D
	E
	F

	G
	H
	X1


Sub-game 3





	A
	B
	C

	X1
	E
	F

	G
	H
	I


 We focus now on Sub-game 1  and the possible responsive moves “O1”.

A consensus is reached that A, C, G and I are essentially the same and likewise B, D, F and H are essentially the same.    We post the two 8x10 boards (below) under Sub-game 1 .

Sub-game 1a






	A
	B
	C

	D
	X1
	O1

	G
	H
	I


Sub-game 1b


	A
	B
	C

	D
	X1
	F

	G
	H
	O1


Each student copies Sub-games 1a and 1b to work on for homework.  The crucial part is to get students to produce written arguments about how many essentially different moves X can choose from for move X2 (with a diagram for each).  The next day at the beginning of class, within groups, students consider each others’ arguments and then present the group's conclusions to the class. 

It is now easy to see that the choice X2  shown here forces O2  allowing X to put X3 in box F or box I, producing two ways to win.  O cannot block both ways and therefore would lose.

	A
	O1
	X2

	D
	X1
	F

	O2
	H
	I


A discussion follows resulting in consensus that a skilled player would only respond to X1 in Sub-game 1 by placing an O in a corner as shown here. 

	A
	B
	C

	D
	X1
	F

	G
	H
	O1


As a class, we proceed, in small steps, to analyze the various endings of Sub-game 1 (neither player wins – called a “cat's game”) and move on to find the same result analyzing Sub-games 2 and 3. 

The PoM's (attached here as separate documents) are in order of increasing difficulty.  Enjoy trying some of them with your students.

